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Application of a new renormalization group to the equation of state of a hard-sphere fluid
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A new renormalization group method is developed and applied to the task of resumming the virial series for
the compressibility factor of a hard-sphere fluid. Results are compared with the predictions of earlier equations
of state and with the outputs of computer simulatidi®1063-651X96)12312-9

PACS numbds): 05.70.Ce, 64.60.Ak

[. INTRODUCTION tiparameter potentials, but few if any higher order coeffi-
cients appear to have been examined for these potentials.
The equation of state for an imperfect gas may be written The system about which the most is known is a dense gas
in the form of rigid spheres. Due to the singularity of the hard-sphere
potential the virial coefficients for this case are independent
p=kgTne(n,T), (1.1 of temperature. Eight have been evaludt2g]. The corre-
sponding virial expansion of the compressibility factor is
with n the number densityl the absolute temperature, aid
the compressibility factor. The coefficieny occurring in #(n)=1+4n+109+18.365)°+ 28.247" + 39.57°

the virial expansion +56.57%+70.77% + -+ . (1.6

- i As illustrated in Fig. 1, computations based on this truncated

= . ] ! L]
¢(n.T) l+,—§1 Bj+2(Thn (1.2 eight-term virial series are in excellent agreement with the
results of computer simulations, over the entire range of ex-

are functions of temperature and functionals of the particléstence of the hard-sphere disordered fluid phase;90.6.
interactions. When these interactions are central and pair adVe are fortunate in this case to have available so many virial
ditive, the associated interparticle potential function is com-coefficients. However, as noted in the preceding paragraph,
monly expressed in terms of a characteristic ramga char-  much less information usually is available. This, in turn, se-
acteristic energy ¢, and a number of additional, Vverely limits our ability to produce reliable estimates of the
dimensionless parameters, viz., u(r)=ev(r/o,&). The compressibility factor. For example, it is evident from Fig. 1

compressibility factor of Eq(1.2) then can be written in the that the more severely truncated 3-virial coefficient approxi-
alternative form mation fails to produce accurate estimatesgof;) for vol-

ume fractions as small as 0.20. It is therefore natural to
c o - _ search for means by which a knowledge of only a very few
#(n,T)=1+2 B, 1(T, )7, (1.3 virial coefficients can be used to generate reliable estimates
=1 of ¢(n) for all values of the volume fraction.
In this paper we propose a new method for achieving this

with the symbol goal. Our procedure is based on renormalization group

3 theory[4,5]. It is restricted to stable gas phases for which the
7= 9 n, (1.4) pressure is a positive definite quantity. The hard-sphere dis-
6 ordered fluid phase therefore serves as an excellent test case

. ) ] ) for the method. Furthermore, because the compressibility

denoting a dimensionless volume fraction and where factor for this phase is so well described by the truncated
g3 :‘/iria:jl)(s?ries(%.ﬁ), vlve adc();[)t thiz pglynorr;]i'alhaﬁ{:)ro;;imatiqn
= o or ¢(n) as a(nearly exadtstandard to which all other esti-

BJ(T'S)_Bi(T)/ ( 6 ) @9 ates will be compared.

_ In the next section the basic principles of the new renor-
is a function of the “reduced temperatur@=kgT/e and of  malization group method are outlined. Section Il is devoted
the parameters. _ to the renormalization groufRG) calculation of the hard-

The evaluation oB; (or B;) involves integration over the sphere compressibility factor and to the comparison of this
coordinates of interacting particle$l]. The difficulty and  result with estimates off(#) obtained by other methods. In
expense of performing this calculation rise rapidly with thethis context it should be emphasized that the purpose of this
value of the indexj. The first five virial coefficients have study has not been to produce a new and/or better equation
been evaluated for the Lennard-Jones 6-12 potef#al of state for rigid spheres but to test our RG theory and
Much less is known about the virial coefficients for other, thereby illustrate its capabilitjor lack thereof of treating a
continuous two-parameter potentid®]. The second virial specific and familiar problem of statistical physics. The final
coefficient can be easily evaluated for the more realistic mulsection includes a discussion of results and of other possible
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FIG. 1. Compressibility factors generated by various theories and computer simulations. Theédow@ashey curve was obtained
using only the second and third virial coefficients. The upper, solid curve is the eight-term virial polynomial(@f@Eqt is indistinguish-
able on the scale of this graph from the PFRG equation of state, indicated Ahe heavy dashed curve--) is obtained from the
asymptotic formula, Eq3.18), and the dotted curve--) indicates results produced by the iteration based on the PFRG relationship of Eq.
(3.9). The square§), circles with dotg©®), triangles(A), circles(O), and diamond$< ) are results of the computer simulations reported
in Refs.[15-19, respectively. RCP and OCP indicate volume fractions appropriate to random close packing and ordered closest packing,
respectively. FP is the “freezing point” density of R¢R0].

applications of the method. Supplementary mathematical re- 9=170,
sults are contained in three Appendixes. 22
n/ng, if o, is constant
IIl. THE RENORMALIZATION GROUP METHOD t=mlno= (olag)®,  if n is constant

Most of the many-body systems encountered in statisticgly capable of describing two distinct scenarios. In the first,
physics can be characterized by two dimensionless paranye increase the number density of particles while maintain-
eters. One, Whl(_:h we denote gygauge_s the streng_th of the ing a constant “excluded volume” range parameigy. In
particle interactions. Systems for whig=0 are “ideal”  the second, the system is crowded by increasing the range
and their properties are known exactly. The second paramsarameter without altering the particle number density. Us-

eter,t, usually (but not always is related to the size of the ing the variables defined by E@.2), we rewrite the virial
system through some variable such as the particle de”Sitléfxpansior(l.S) in the form

Any physical quantity then can be represented by a function

f(t,g) of these two parameters. The standard thermodynamic 1 _
perturbation procedure invariably amounts to a simple Ma- ¢(tg)z¢(t,g)=1+2 o @i(H)g', (2.3
claurin expansion of the functiof(t,g) in powers of the =1

“bare coupling variable”g: with

f(t,g)=1+f(t)g+3f,(t)g%+--- . (2.2) (1)=]!Bj. ()L, (2.9

The compressibility factor functiowb(t,g) defined by Eqgs.
Here we have assumddithout loss of generalifythat the  (2.3) and (2.4) is an example of the functiofi(t,g) intro-
function f(t,g) is so defined that(t,0)=1. duced in the preceding paragraph.

At this point we briefly interject a few comments intended  Truncated, polynomial approximations to the Maclaurin
to demonstrate the connection between these general remarkaries(2.1) generally cannot be expected to produce accurate
and the previously described hard-sphere compressibilitgestimates of the functiof(t,g) for large values of the vari-
factor problem. In the case of the hard-sphere fluid we idenable t. The most fundamental idea of the renormalization
tify the “bare” interaction parameter with a volume fraction group method is that instead of using the perturbation series
7, SO small that some low-order, polynomial truncation ofone constructs an equation of evolution fgt,g), wherein
the virial series(1.3) produces an accurate estimate of the(for historical reasonsthe parametet is interpreted as a
compressibility factor. The parameters taken equal to the “generalized time.” In group theoretical jargon we assume
ratio of the actual volume fraction to that of the referencethat the functionf(t,g) is a representation of a continuous
state. The pair of variables one-parameter groufr semigroup, with the variablet=1
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playing the role of the group parameter. Once the equation of T(x,9)/f(z,9)=[T(x/z,9(z,9))]% (2.11)
evolution (Lie equation for this function has been estab-

lished we can calculatgt,g) for a whole range of values of The left-hand side of this last equation can be identified as
the group parametdr, including those for which the initial the ‘renormalized” form of the initial functionf(t,g); the
perturbation series may have been unreliable or even diveratio f(x,g)/f(z,g) is equal to unity for the group parameter
gent. The crucial step in applying the renormalization groupvaluex=z, wheread (x,g)="f(x,g)/f(1,9) equals unity for
method is that of deciding for which group the given func-x=1.

tion f is a representation. In other words, what is the func- The functional equation satisfied by the effective coupling
tional equation of the group operation satisfied by the funcfunction g(t,g) is obtained by noting that the value of the
tion f? The form of the group operation determines the formtransfer function appearing on the left-hand side of Eq.
of the (Lie) equation of evolution. This in turn fixes the (2.10 remains the same when the order of the group param-
behavior of the functiorf(t,g) at values oft greater than eters is interchanged in the produizt The right-hand side of
those for which the original perturbation series was valid. Scqg. (2.10 will exhibit this same invariance only ilsee Ap-

far as we have been able to determine, nothing can be irpendix A) the effective coupling function satisfies the famil-
ferred about the form of this functional equation unless redar functional equatior5]

strictions are imposed upon the physical quanfify,g). _ .

Here we assume this function to be positive definitg,g) 9(x,9)=9(x/2,9(z,9)). (212

>0, over the entire range of the group parameter

__ The next step is to introduce the “transfer function”
f(t,g), defined in terms of the original functiof(t,g) by

The Lie equations of evolution are obtained from Egs.
(2.17) and(2.12 by differentiating with respect to the group
parameterx and then equating to z. This operation pro-

the formula . ; )

duces the following equations for the “renormalized flow”
?(t,g)= f(t,9)/f(1g). (2.5 of our new renormalization group for positive definite func-

tions (PFRG:

This function also can be called the “normalized” form of -

f(t,g), since it exhibits the propertf(1,g)=1. Evidently, dInf(x,g) 51

the transfer function is an elementary solution of the equa- IX =Agx9)l, (213

tion of evolution forf(t,g). o

To derive the functional equation satisfied by the transfer dg(x,9) -
function we observe that every positive definite function Zinx _Plax9)l (2.14

f(t,g) can be written in the form
. The functionsy(g) andB(g) are the so-called “infinitesimal
s _ generators” of the PFRG transformation. They can be iden-
f(t,9) exp[ deﬁ(x,g)], (2.6 tified as functionals of the transfer function, viz.,

with f(x,)
Y(Q)=— =f"(19)/f(19), (2.19
J ~ x=1
L(x,9)=——In f(x,9). (2.7) _
o o= 09| _M19NA9-F9 .
By applying Eq.(2.6) to two different values of the param- x|y (9yl99)
etert we find that
z Here f'(1,9)=df(x,9)/dx|,_; and f"(1g)=d*f(x,9)/

. (2.8  9x%,_;. Itis established in Appendix B that the E¢8.13
and(2.14) are unique, provided that the infinitesimal genera-
or y(g) is a single valued function of the “bare” coupling

f(x,9)=(z,9)

exp[ fX/ZdtL(tz,g)}
1

This formula can be identified as the functional equation fort
) . aledq ._constanty. An alternative pair of evolution equations is de-
the group operation provided that there exists a function,

g(z,9), known as the “effective” or “running” coupling fived in Appendix C.
function, which allows the integrand factdl(tz,g) to be 7 The flow equation2.13 and (2.14 could be solved for

written as f(t,g) andg(x,g) if the infinitesimal generatorg and y
were known. HoweverpB and vy are themselves functionals
L(tz,9) = L(t,9(z,9)). 29 of f(t,g). Some approximation must be introduced in order
(t2,9)=L(t,9(z.0)) 29 to produce estimates of the infinitesimal generators. For this

This effective coupling function is required to satisfy the Purpose we use the initial polynomial approximation to the
initial conditiong(1,g) =g. We then can rewrite E42.8) as  function f(x,g). Since this approximation works well for

the functional equation x=~1, the procedure should produce reasonable estimates for
_ _ _ B(g) and y(qg); the derivatives occurring in Eq§2.15 and
f(tz,9)=f(z,9)[f(t,9(z,9))]% (2.10 (2.16 are to be evaluated at=1.

The behavior of the transfer function at large values of the
defining the group operation. Equati¢h10 may be written  group parameter is controlled by the asymptotic properties of
in the alternative form the effective coupling functiorg(x,g). According to Egs.
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(2.13 and (2.14), this function determines the behavior of
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or by

the infinitesimal generators of the renormalization flow. The

properties ofg(x,g) for large values ok are determined by

the stable fixed points of the renormalization group transfor-

mation. These fixed points are solutions of the equation
B(g*)=0. (2.17

According to the Lie equation®.13 and(2.14), the behav-
ior of f(t,g) at large values of the group parametgr)
depends on the asymptotic limit of the effective coupling
function g(x,q), if such a limit does indeed exist.

In the neighborhood of the fixed poim*>0 we can
write the effective coupling function in the form

(2.18

and determine the deviatioAg(x,g) from the linearized
equation

g(x,9)=g* +9(x,9)

69= 71 69(x.9), (2.19

d In x
where

BT =3B(9)99|g= g - (2.20
The solution of Eq(2.19 is

390x,9)=(g—g*)x". (2.29

The fixed pointg* is stable if 87 <0, since only then does
the perturbation given by Ed2.21) vanish in the largex
limit. _

The asymptotic behavior of the functidi{t,g) can be
obtained by solving thélinearized equation

d1In ?(x,g)

— =N a(g)g-g X, (222

wherein

(2.23

In the special case @87 = — 1, the solution of Eq(2.22) is

|

For g7 # —1 (but 87 <0) the solution is given by

v1(9)=dvldg.

N X
f(x,9) ~ f(xo,9)e”9 X0 —

X— 00

(2.24)

) y1(g*)(g—g*)

Xo

f(x,9) ~ f(xg,g)e"a)0x %)

X—00

% @716 )(@-g* )P 1B gt 1) (2,25

The system is “asymptotically free” ifj* =0, in which
case the asymptotic form d{t,g) is given either by

|

71(0)g

. B

X

-1, (2.24)

f(x,9) ~ f(x0.9)

X— 0

Xo

F(x,0) ~ f(Xo,g)en @ gt it e - gr g
X

— 00

(2.25)

IIl. EQUATION OF STATE
OF THE HARD-SPHERE GAS

The general method developed in the preceding section
now will be applied to the “resummation” of the compress-
ibility factor virial series. In doing this we shall assume that
the initially available truncated virial series is tlsecond
order polynomial,

B(t,9)=1+ ¢p1(1)g+ 32(1) 0%, (3.9)
with [cf. Egs.(2.3) and(2.4)]
$1(1)=Bo(Tt
and
By(1)=2B5(T)t2. 3.2

The transfer functionz(t,g) is then given by the series

B(1,9)=1+ By (1)g+ L ho(t) g%+ -+, 3.3

with

$1(t)=By(t-1),
- - - - (3.4)
$,(1)=2B4t?— 2B5t— 2B;+ 2B3.

From these we obtain the following second-order approxima-
tions to the infinitesimal generators of the PFRG transforma-
tion.

¥(g)=Bog+ (2Bs— B2)g?,
- (3.5
283_ BZ
B,

2

B(9)= g

They in turn lead to the formulas
g
2B;—B3
B>

: (3.9
g Inx

and

nl

¢<n)=¢(no>exp|'éz Jl

|
dx| g(x, 7o)

|

respectively, for the effective coupling function and the com-
pressibility factor. Hereg(s, denotes the compressibility

factor of the reference state which either is known or can be
calculated from the initial second order polynomial approxi-

2B,— B2
—=— g%(X, 70)

5, (3.7)

+
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0.006 FIG. 2. Mean squared deviatiarf(7,), as de-

fined by Eq.(3.8), plotted versus the “bare” cou-
i pling constanty.

0.004

Standard Square Deviation

0.002

o i | | L - i
0.158 0.16 0.162 0.164 0.166 0.168 0.17

Coupling Constant g

mation (3.1). It is also possible to treat the reference statefor this initial step, used the second order polynor(al) to

concentrationy, and the corresponding compressibility fac- calculate the corresponding value ¢t7,), and then com-
tor ¢(7,) as adjustable parameters with values selected so gmited ¢(7,=0.05 from the PFRG equatiof8.7). From this
to produce the best possible agreement with the “correctpoint on, the iterative relationship

compressibility factor¢(z) data obtained either from the
available, eight-term virial serie€l.6), such as we have

~ i+1/m
elected to do, or from information generated by computer ¢(ni+1)=¢(ni)exp{ Bzf7 ' ndx a(x, i)
simulations[The formula(3.6) is the precise analogue of the 1
“single-loop” estimate for the invariant charge constructed oB._ B2
in Appendix IX of Ref.[5].] + 2 2%, ) ] 3.9
The accuracy with which the PFRG formu(8.7) ap- B,

proximates the eight-term virial seri€%.6) (treated here as

“correct” or “exact”) depends upon the choice of the was used to generate estimates of the compressibility factor

“bare” coupling constang= 7, and the value of the corre- for successively larger values of the concentration. The cal-

sponding compressibility factas( 7). If the values of(7,)  culations were performed using a step sizg=0.05 so that

are calculated directly from the seri€k6), it is possible to 4, ., = 5,4+ 0.05. Results obtained in this way are included in

identify a value of the bare coupling constant for which theTable | and appear in Figs. 1 and 5 as the dotted lires

standard deviation that lie very close to the solid curves for the “exact,” eight-

term virial series.

1 The compressibility factor of the hard-sphere gas can be

N D [dviria (1) — dperd m)12=0%(70) (3.8 estimated by other methods. Although it appears not to have
=1 been done previously, a simple procedure for resumming the

) o truncated virial serie§l.6) is to construct the corresponding

is a minimum. Herapy g ;a. and ¢pprgdenote the compress- cymulant expansiofs]

ibility factors given by Egs.(1.6) and (3.7), respectively.

This procedure is illustrated by Fig. 2, from which it follows _ 2 3 4 5

that the “optimum” choice fory, is 0.166; the correspond- N ¢e()=4n+2n7"~0.302"+0.7807"+ 1.530y

ing value of () is 2.0514. With this choice for the initial +3.810p°—12.605;"+- - - . (3.10

point of the RG trajectory, the formulé8.7)—based only

upon the second and third virial coefficients—reproduces thes|gsely related to this is the nonperturbative equation of state

eight-term virial coefficient equation of state almost per-

fectly: the curves for the two are virtually indistinguishable

in Figs. 1 and 5. bl n)zexﬁ{gf,]

In less fortunate circumstances the only available data

might be the values of the second and third virial coeffi-

cients. When this is the case, the optimization procedure justerived by Shinomot¢7]. Indeed, this equation of state is

described cannot be conducted. An alternative which workgrecisely the same as the second order approximation to the

begins by using the second order polynomial approximatiorcumulant expansiof3.10).

(3.1 to compute a trial value of the compressibility factor at At least three other hard-sphere, algebraic equations of

a very small value of the concentration. For the examplestate frequently are used. One of these, the Carnahan-Starling

illustrated in Figs. 1 and 5 we selected the valueyp£0.01  formula[8]

N

11
"2

} (3.11)



54 APPLICATION OF A NEW RENORMALIZATION GROLP . .. 6247

TABLE I. Compressibility factors. The entries in this table are values of the compressibility fectgr,
computed from a variety of formulas. Identifying labels and text equation numbers appear at the head of each
column, viz., virial series, positive function renormalization gra@~RG, cumulant expansion, PFRG
iteration, Shinomoto, Carnahan-Starlii@S), Percus-Yevick compressibilityPYC), and Percus-Yevick
virial (PYV). At the bottom of each column appears the value of the mean squared dewiatidafined
according to Eq(3.8) of the text. The tabular entries for the PFRG in column 2 were computed using the
value 7,=0.166 identified in the text.

Virial PFRG

series PFRG Cumul. (iter.) Shinomoto CSs PYC PYV
7 Eq.(1.6 Eq.(3.7 Eq.(310 Eq.(3.9 Eq.(31) Eq.(3.12 Eq.(3.13 Eq.(3.19
0.1 1.5216 1.5273 1.5216 1.5186 1.5220 1.5213 1.5226 1.6872
0.2 2.4093 2.4111 2.4095 2.4091 2.4109 2.4062 2.4219 2.9688
0.3 3.9773 3.9959 3.9825 3.9879 3.9749 3.9738 4.0525 5.4519

0.4 6.8502 6.8761 6.8982 6.8867 6.8210 6.9259 7.2222 10.5556
0.5 12.2308 12.2144 12.4270 12.406 12.1825 13.0000 14.0000 22.0000
0.6 22.3157  22.3148 22.1926 23.309 22.6464 27.2500 30.6250 51.2500

? 0 0.0002 0.093 0.1697 0.188 4.1575 12.0532 158.1462
1+ g+ 52— 7° enth order virial polynomial. It should be recalled that this
bes(m)= -t (3.12  formulais based on the values of only two virial coefficients,

B,=4 andB;=10. Next in accuracy to the PFRG formula is

often is described as that which best agrees with the resulf§e cumulant serie€3.10, followed by the iterative PFRG
of computer simulations. Two othef8,10], calculation based on Eq3.9) and the appealingly simple
Shinomoto equatiofi3.11).

1+ p+ 72 It is interesting to see how PFRG results based on the
Pev(m)= =3 (3.13  second order polynomial approximati¢8.1) compare with
n the predictions of a renormalization group computation
based on the entire seventh order polynoniab). The in-

2
B n):m, (3.14 finitesimal generators associated with the latter are easily
(1-m) computed from the formulas
originate from solutions of Percus-YeviclPY) integral g 1n ¢(g)
equations for the pair distribution function of a hard-sphere v(g)=0 R a— (3.19
fluid. Although Eqgs.(3.13 and (3.14) usually are identified 9

in the literature as Percus-Yevick equations of state, Eq,

(3.13 first was obtained by Reiss, Frisch, and Lebowitz] and
on the basis of the scaled particle theory. 2 1n $(g) J

Compressibility factors calculated from this collection of B(g)=g? 5 / (_y) (3.16
formulas are presented in Table I. In each case we have 79 g

computed the mean square deviation of the compressibilit}? ) o )

factor from that given by the “exact” seventh order virial Their graphs are shown in Figs. 3 and 4. The solution of the
polynomial (1.6). Because this truncated virial series has€duations(g*)=0 is a single, nontrivial, stable fixed point
been selected as our standard, the approximate equation &f 9*=0.6248. This corresponds to a volume fraction of
state with the smallest mean square deviation may not be that=0.6248 which falls within the range 0.64.02 that Ber-
which best fits the computer simulation data. Indeed, ther&yman[14] recently has estimated for the random close pack-
are several semiempirical equations of sfa13 (in addi-  ing (RCP of a hard-sphere fluidHis paper also includes an
tion to the well known Padepproximants that have been extensive bibliography pertaining to earlier estimates of
constructed to produce better agreement with the availablgrce-) The tentative identification of the stable fixed point
simulation data than does the eight-term virial polynomial.With the condition of random close packing seems reason-
We have chosen the latter as our basis for comparison bé&ble since, according to E@.2), the PFRG transformation
cause virial coefficients are the input data to our PFRG calc@n be interpreted as the continuous growth of hard-sphere
culations. The simulation data are included in Figs. 1 and Particles. _ _

in order to indicate the degree by which they differ from the ~ Using the calculated value @f* we obtain the following
predictions of the virial polynomial1.6) and our PFRG ap- asymptotic formula for the compressibility of a denge
proximation. It is clear that the agreement generally is quite>0.4) hard-sphere fluid:

good between the predictions of the analytical equations of

state and the computer generated “experimental results.” d(n)=p(g*)ed79187/e" ~1], (3.17
The entries in Table | indicate that the PFRG form(8ayr)

with 7,=0.166 is the most successful in reproducing the sevWith ¢(g*) calculated from Eq(3.7), this becomes
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FIG. 3. The infinitesimal generatqs(g) of
Eqg. (3.15 computed from the eight-term virial
polynomial of Eq.(1.6).

Infinitesimal Generator ﬁ (9)

_0 5 [ i | 1 L
0 0.2 0.4 0.6 0.8 1

Coupling Constant g

#(7)=0.5852508%  ,~04, (3.18 Woodcock’s[19] compressibility factors, indicated by the
diamonds(< ), being to deviate from the eight-term virial

. . . polynomial curve at the “freezing point'(FP) density of
Predictions based on the seventh order virial polynom|aP y g point(FP) 4

. 7n=0.493 and then rise much more rapidlyaapproaches a
(1.6), the PFRG formulg3.7), and the asymptotic formula 4,6 of about 0.62, corresponding to the volume fraction

(3.18 are shawn in I_:igs. 1 a_”d_ 5. In bath _figF‘f?S th_e PFRGy 64+0.02 [14] at random closest packingRCP. Wood’s
ar;]d V'L'al polynom|er1]| dpreldlctllons "’.‘;e |nd|st|nguk|str)1|ablif._[18] results(®) follow the virial polynomial curve to higher
Thus, the PFRG method clearly provides a remarkably effigengities than Woodcock's and then rise more abruptly as the

cient procedure for resumming the truncated, two-term viriaIRCP density is approached. Rotenberig] much earlier
polynomial of Eq.(3.1). The points appearing in these fig- g jations (A) produce compressibility factors which

ures indicate results of computer simulations performed b¥:losel . ;

y follow the virial polynomial curve to aboui~0.69
Barll<)er ind (Ij-|endersc[r15]aWoocilj[16], Rotenberg[l?],dEr- and then rise rapidly in the vicinity of~0.74, correspond-
penbeck an Woofl8] and Woodcock19]. Except for den- ing to the volume fraction 0.7405 at ordered closest packing
sities so low thaty<<0.4 and nearly as great as that at random cP

close packing, the computer simulation results are describe(é)Wit'h this information in mind, we now return to the ques-

quite _weII by_the exponential asymptotic 'aW of B§.18. tion of why the PFRG method has failed to produce a com-

The fixed points of the PFRG _transformanon@to _an_d ressibility factor that grows rapidly as the fluid density ap-

0.6248, respectively, can be interpreted as the limits OEroaches eithermcp=0.64 or 7005=0.74. The short answer

weakly .a”O.' strongly interacting systems composed of rang it the PFRG method will produce a behavior that might

domly 'dlstrlbute_d hard-sphere particles. . . possibly be interpreted as the occurrence of a high-density
A disconcerting aspect of the PFRG results displayed "@hase transitiofor simply a singularity ofé(»)] only if

Figs. 1 and 5 is their failure to exhibit any trace whatsoeve here is a violation of the requiremefef. Appendix B that
of the singular behavior that surely must occur as the densi%e infinitesimal generatoy(g) be a single-valued function

approaches that of closest packing. One could dismiss th'&f its argument. The approximate infinitesimal generators

whole issue as being peripheral to the stated objective of the.¢ Eq.(3.5 and Fig. 4 used to calculate the curves of Figs.
present paper, namely, the determination of whether and/ and 5 are monotonically increasing functions gofthus

to what extent the PFRG method is capable of resumming g, |aining why the corresponding compressibility factors be-

truncated, per';urbative virigl series. However, since the higrﬁave as they do. It could be that, although these generators
density behavior of the rigid-sphere system has been an in-

triguing and controversial issue for over 40 years, it is natu-

ral to wonder why the PFRG method, as presented above, TABLE Il. Different measures of density.

appears to fail in t_hls limit. B_efore attempting to answer thlsn nod VIV, Comment

guestion, let us briefly examine the computer simulation data

included in Figs. 1 and 5 in order to determine what the0.494 0.943 1.500 Freezing poifRef.[20])
“expected” high-density behavior really i$These data are 0.540 1.031 1.371 Melting poiriRef. [20])
representative, but by no means exhaustive, of studies ma#des60 1.070 1.322  {Density of sudden crystallization
over the period extending from 1960 to the pregdBecause 0566 1.080 1.309 (Ref. [19])}

three different measures of the density are in common use,g40 1.222 1.157 Random closest packing 8:642,
we have prepared Table Il to facilitate comparisons; (Ref. [14])

n=nmo’6, no’=(6/m)n=1.909867, and V/Vo=(mv2/ 0740 1414 1.000 Ordered closest packifig and hcp
6)n 1=0.74048;" 1.
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are capable of predicting very accurate “liquidlike” com- =0.615%5977% (3.19

pressibility factors, they lack something essential to the de-

scription of this liquid as its density approaches that of clos-On the scales of Figs. 1 and 5, this is virtually indistinguish-
est packing. To test this conjecture we have calculatds) able from our previous resu|B.18. In the immediate vicin-
and B(b) using Egs.(3.195 and (3.16 and the cumulant ity of the fixed point the asymptotic equation of st&B19
expansion(3.10, which presumably is more accurate thancan be replaced with the scaling relation

the corresponding seventh order virial polynontiab). This

produces an asymptotic value gf =0.4982 for the effec- p 29779

tive coupling coefficient, cf. Fig. §The occurrence of this d(n) =~ ¢(O'4983(—J ) (3.20
stable fixed point atj* =0.4982 depends in an essential way 7 0.498

on the eighth virial coefficient of Eq1.6). When this coef- . _ . .

ficient is omitted, the corresponding cumulant expansionl he fixed point densityy* =0.4982 is very nearly equal to
produces an infinitesimal generaig(g), which fails to ex-  the freezing point density)-;=0.494 estimated by Ree and
hibit a fixed point forz>0.] Hoover([20].

In the neighborhood of the fixed point the compressibility ~ The infinitesimal generatg(g) associated with the cu-
factor is given by the expression mulant expansion(3.10 is discontinuous at the value

g¥=0.5798 for whichiy/9g is equal to zero; cf. Fig. 7. This
value lies near the melting-point density,r=0.54 esti-

. U mated by Ree and Hoover on the basis of their simulation
=¢$(0.4982exp 2.9779 — -1
¢(n)=(0.4983 ’{ E<0.4982 ” data.
1000 pr—r—r—r——r—— T T

a

r A

3 o]

A
5 100 ¢ A 3 FIG. 5. Estimates of the compressibility factor
S 5 using scales and ranges different from those of
- Fig. 1. The labels used to identify different for-
.;T _ mulas and simulations are the same as those iden-
:g 10 ¢ B E tified in the caption of Fig. 1. It is interesting to
3 F ] note that the rapid increase @f ) that occurs at
g Solid1 high densities shifts to higher densities as the
8 number of particles used in the simulation in-
1 E — _ i E creases from 32 and 256 in Wood’'s Monte Carlo
i Fluid Phase FPMetastab:C;eglon ] computationgand 512 in those of Woodcogko
l ocP ] 864 in those of Rotenberg.
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Although the quantitative aspects of these last few resultsnost previously reported metho@s.g., Padepproximants,
must be viewed with caution, it does appear that the PFRGemiempirical equations of statevhich are designed to ex-
theory may be capable of accounting for some sort of a hightend the range of applicability of the virial series by invoking
density phase transition in a hard-sphere fluid. And, indeedassumptions about the functional form of the relationship
it is plausible to conclude that the hard-sphere system de$=¢(7) and/or by introducing adjustable parameters to en-
scribed by the PFRG theory is a fluid, the stability limit of sure agreement with simulation data. In contrast to this, the
which is the density” at whichdy/dg=0. For densities in PFRG method, as used here, has relied upon only two as-
excess ofg” the equilibrium state of the system is then apects of a hard-sphere fluiélt) that the compressibility fac-
two-phase dispersion of solid crystallites imbedded in a fluidor ¢(#) is a positive valued, continuous function gfand
of densityg*. The evidence presented here does not estali2) that one possessésr can generajea truncated power
lish the validity of these conjectures nor have our calculaseries approximation to this function which is accurate for
tions proved that the PFRG method actually is capable omall values ofy.
describing such a phase transition, but the possibilities do
exist. Truly convincing demonstrations would require a more
ambitious investigation than that presented here.

The specific application of the PFRG approach presented The hard-sphere compressibility factor problem has pro-
in this paper is different both in intent and methodology fromvided an excellent illustrative example of the positive func-

IV. DISCUSSION

5 ——————————

FIG. 7. The infinitesimal generatgi(g) com-
puted using the cumulant expansi10.

Infinitesimal Generator X' (9)

. 5 i " 1 " " i L i i [l . [l L "
0 0.2 0.4 0.6 0.8 1
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tion renormalization groudPFRQ technique outlined in APPENDIX A
Sec. Il of this paper. Indeed, we have foufrdther to our

surpris@ that the method almost perfectly reproduces the
seventh order virial polynomial over the entire range of vol-
ume fractions, except in the immediate vicinity of random

close packing. e _7
Our formulation of the PFRG method has been closely f(tzg)=f(ztg). (AD)

patterned after the ideas advanced by Shirfkv However,  From this identity and Eq(2.10 we obtain a relationship

in implementing these ideas we have fashioned a theory _ _ _ _

which differs in several significant ways from most previous f(z,9)[f(t,0(z,9)1*=f(t,0)[f(z,9(t,9))], (A2)
adaptations of the RG method to problems in statistical phys-

ics. In particular, we strongly support the emphasis thaWthh can be satisfied only for a very SpeC|aI choice of the
Shirkov places on the importance of determining the funcfunctiong(t,g). To find the functional equation satisfied by
tional equaﬂon satisfied by the phys|ca| propdw g) Itis this effective Coupllng function we rewrite E()AZ) in the
essential to the method that this functional equation be edorm

tablished at thebeginningof the investigation, since it de- ?(t 9)
fines the group operation for the class of functions to which T v 7 T (> a0t t

f(x,g) belongs. In the case considered here, the class of [ft.o(z.9)]"= f(z,9) [Fz.g(t.on] (A3)
functionsf(t,g) representative of the nonlinear PFRG satisfy ~ -

two conditions:(1) f(x,g)=0, x=1 (positive definitenegs ~ Then,_using Eq(2.11) to replace the factof(t,g)/f(z,9)
and (2) df(x,9)/dx|._, is a single-valuedinvertible) func-  With [f(t/2,9(z,9))]", we rewrite(A3) as

tion of the coupling parametey. Once the functional group ~
operation equatio2.10 has been established, the appropri- f(t.9(z.9)) —[fzat.o)] (Ad)
ate Lie equations of evolution can be constructed, along with ~t N 9LINI

defining expressions for the associated infinitesimal genera- ( (z 9))

tors B(g) and y(g) of the PFRG.[Approximations for the

latter can be constructed from an initial “perturbative” se- The result of applying Eq2.11) to the ratio of transfer func-
ries for f(x,g).] Our procedure differs in these respects fromtions appearing on the left-hand side of E44) is the equa-
many other RG techniques and, in particular, from the sotion

called “direct” renormalization group method, users of (

Equation(2.12 for the effective coupling function is a
Cdirect consequence of the commutivity condition, according
to which

z

. . /z)z
which [21,27 tend to take a much more relaxed view than t 4t ) « L Tio = ot
we do about the relationship between the object function f t/z g( '9) =[f(zg(t.g)],  (A5)
f(x,g) and the effective coupling functiog(x,qg). _

We also are of the opinion that the asymptotic propertie®r, equivalently,
of the functionf(x,g) are fixed by the equation for the func- ¢
tional group operationand/or by the corresponding Lie f (zﬁt—,az,g)))}z[f(Z,at,g))]- (A6)
equationy and therefore are specific to the class of functions z
under consideration. This leads us to doubt the objectivity of
formulations of the RG technique which produce some preTh|s equality holds if and only if the functiog(t,g) satisfies
assigned asymptotic behavior such as, for example, a “unith€ functional equation

versal” power law dependence on the group parameter t
In a separate paper we shall present a more detailed com- ‘( ,0(z g)) 9(t,9) (A7)
parison of various approaches to the RG method. Here we
only mention the fact that different equations of evolution
can be used to describe various parts of the RG traJectory Which is identical to Eq(2.12) of the text
f(x,g=cons}. However, in order to establish the “true” as- APPENDIX B
ymptotic behavior of the function it is necessary to identify
the functional group operation equation for whittx,g) is The effective coupling functiom(t,g) must be selected
representative. in such a way that the Lie equatid®.13 for f(t,g) is a

Perturbation series of the forf2.1) are encountered in  mathematical identity. This is possible only if the infinitesi-
many appllcatlons of statistical mechanics. Well known eX-mal generatorfy(g) is a sing|e_va|ued function of the bare

amples include high-temperature expansions for propertiegoupling constang. More specifically, let us assume there to
of magnetic systems and virial series for macroparticle difpe a one-to-one correspondence

fusion coefficients and for the viscosity of suspensions. We

shall examine some of these in future tests of the PFRG z=7(Q) (B1)
method. ) )
between the variablesandg. There consequently exists an
ACKNOWLEDGMENT inverse functiony ! such that
This research has been supported by a grant from the g=7 X2). (B2)

Theoretical and Computational Chemistry Program of the
National Science Foundation. We then conclude, with reference to Eg.13, that
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d In?(t,g)

pn . (B3)

at,g)ﬂf‘l(

This means that there is to each funct'iE(m,g) a corre-

sponding functiong(t,g) which, in turn, is determined by
the Lie equation(2.14) in which appears the infinitesimal

generator

P _1< ln 'f'(x,g)) -

B(g)=lim —
1 OX Ix
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(2.11 and(2.12 with respect to the “dilation factor'z and

then settingz equal to unity. The results of these manipula-

tions are two linear, first order differential equations,

In other words, our PFRG method can be used to determine

functions f(x,g) that are(1) positive definite and2) for
which df(x,9)/dx|,—,= y(Q) is a single-valued function.

APPENDIX C

An alternative set of evolution equations for the PFRGThese are analogous to the Callan-Symanzik equations of the

~ 9 Inf(x, g Inf(x,
0=1y(g)+In f(x,9)—x %Xg)ﬂ;(g) %
(CY
and
0=A(q) ag(x,g)_x ﬁg(x,g). .

ag X

can be obtained by differentiating the functional equationsstandard RG theory.
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